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Noncommutative Field Theory from twisted Fock space
Jong-Geon Bu,∗ Hyeong-Chan Kim,† Youngone Lee,‡ Chang Hyon Vac,§ and Jae Hyung Yee¶
Department of Physics, Yonsei University, Seoul, Korea.
(Dated: September 12, 2018)
We construct a quantum field theory in noncommutative spacetime by twisting the algebra of
quantum operators (especially, creation and annihilation operators) of the corresponding quantum
field theory in commutative spacetime. The twisted Fock space and S-matrix consistent with this
algebra have been constructed. The resultant S-matrix is consistent with that of Filk[37]. We find
from this formulation that the spin-statistics relation is not violated in the canonical noncommutative
field theories.
PACS numbers: 11.10.Cd, 02.40.Gh, 11.30.Er, 05.30.-d
I. INTRODUCTION
There have been much interests in field theories [1, 2, 3, 4] in noncommutative spacetime where coordinates satisfy
the commutation relation,
[xµ, xν ] = iθµν , (1)
with θµν being an anti-symmetric constant. By the Weyl-Moyal correspondence [5], a field theory in noncommutative
spacetime satisfying Eq. (1) is transformed to a field theory in commutative spacetime in which product of two
spacetime functions is defined by the Moyal product,
(φ ∗ ψ)(x) = e
i
2
θµν∂xµ∂yν φ(x) · ψ(y)
∣∣∣
x=y
. (2)
Due to the existence of noncommutativity parameter the theory is not Poincare´ invariant. The properties such
as causality and unitarity are suggested to be violated in the presence of spacetime noncommutativity (STNC)
[6],[7],[8],[9],[10], while they remain satisfied in the space-space noncommutative(SSNC) case. There have been some
attempts to cure these problems [11],[12],[13], [14],[15]. Those arguments have assumed that the state of particles is a
representation of the Poincare´ group while a canonical noncommutative field theory has symmetry of SO(1, 1)×SO(2)
which is a subgroup of the Poincare´ group. Recently, Chaichian et al.[16], and Wess[17] have proposed a framework of
making quantum theory in noncommutative spacetime invariant under the twisted Poincare´-Hopf algebra UF(P) using
the proper twisting element F ∈ U(P)⊗U(P), where P is Poincare´ algebra and U(P) is its universal enveloping algebra.
In light of their work, field theory in noncommutative spacetime can be regarded as field theory in commutative
spacetime with twisted coproduct of Poincare´-generators. This justifies the use of the representation of Poincare´
group in studying the noncommutative quantum field theory. There have been some attempts to apply this idea to the
field theory with Θ−Poincare´ symmetry [18], conformal symmetry[19],[20], super conformal symmetry [21], Galilean
symmetry[22], Galileo Schro¨dinger symmetry [23], translational symmetry of Rd [24], gauge symmetry[25],[26] and
diffeomorphic symmetry [27],[28],[29]. To construct a consistent quantization formalism of field theory we need also to
twist the algebra of quantum field operators consistently. There have been some studies on this problem [30],[31],[32].
In this paper, we derive a twisted algebra of creation and annihilation operators {a, a†} as a basis to construct
the twisted Lorentz invariant quantum field theory. We propose a framework to construct a consistent quantum field
theory with this deformed algebra. Though we focus on the quantization of scalar field theory in this article, we
expect that the main ideas of this article can be applied to other field theories. In section II, we introduce the way
to twist Hopf algebras and target algebras, and briefly review Chaichian et al.’s work. In section III, we introduce
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2twisted algebra of quantum operators, and we propose a framework to construct twisted quantum field theory. We
then apply the formulation to construct the Fock space and S-matrix of the scalar field theory in section IV. Finally
we discuss some physical implications of the formulation in section V.
II. TWISTED HOPF ALGEBRA OF POINCARE´ GENERATORS
Let U(P) be a universal enveloping algebra of Poincare´ Lie algebra P and Y (= Pρ,Mµν) be its elements[16]. They
satisfy Hopf algebra properties:
∆Y = Y ⊗ 1 + 1⊗ Y,
ǫ(Y ) = 0, S(Y ) = −Y, (3)
where ∆ is coproduct, ǫ counit, and S antipode. The action of Y on the algebra of function space A satisfies the
relation (hereafter we use Sweedler’s notation ∆Y =
∑
Y(1) ⊗ Y(2))
Y ⊲ (φ · ψ) =
∑
(Y(1) ⊲ φ) · (Y(2) ⊲ ψ), (4)
where φ, ψ ∈ A, the symbol · is a multiplication in the algebra A, and the symbol ⊲ denotes the action of the Poincare´
generators on the algebra A of the complex function space.
The representation of the action of Poincare´ generators (Pρ,Mµν) on the function space is given by
Pρ ⊲ φ(x) = −i∂ρφ(x),
Mµν ⊲ φ(x) = −i(xµ∂ν − xν∂µ)φ(x). (5)
If we have some ‘twisting element’ F ∈ U(P)⊗U(P), we can generate another Hopf algebra UF(P) by twisting U(P)
with F . This twisting element F must satisfy the so called “2-cocycle and co-unital condition” [35]:
(F ⊗ 1) · (∆⊗ id)F = (1⊗F) · (id⊗∆)F ,
(ǫ ⊗ id)F = 1 = (id⊗ ǫ)F . (6)
Since the Poincare´ algebra P has a commutative subalgbra {Pρ}, it is easy to construct a twisting element F from
Pρ’s :
F = exp
(
i
2
θαβPα ⊗ Pβ
)
. (7)
The new Hopf algebra generated from this twisting element is the same as the algebra part of the original Hopf algebra
while it has different co-algebra structure. This means that the Lie algebra commutation relations have the same
form and the representation of Poincare´ generators remains unchanged.
The new co-product ∆F has the form,
∆FY = F ·∆Y · F
−1, (8)
with the same co-unit and antipode, ǫF = ǫ, SF = S. Under the change of co-product, the action of Y (Eq. (4)) does
not transform covariantly in general. For the form of Eq. (4) to change covariantly, one has to twist the target algebra
A properly. This consistent multiplication, ∗, of twisted algebra AF has the form
φ ∗ ψ = · [F−1 ⊲ (φ⊗ ψ)]. (9)
When φ, ψ ∈ AF are the functions of the same spacetime coordinate x
µ, the product ∗ becomes the well known
Moyal product. Since Pα → −i∂α in this representation, the commutation relation between spacetime coordinates is
deduced from this ∗-product:
xµ ∗ xν = · [e+
i
2
θαβ∂α⊗∂β ⊲ (xµ ⊗ xν)]
= xµ · xν +
i
2
θµν , (10)
which leads to the commutation relation
[xµ, xν ]∗ = iθ
µν . (11)
3The above arguments imply that with a twisting element satisfying 2-cocycle condition, one can construct a new
algebra pair {UF(P),AF} from the original pair of algebras {U(P),A}. Thus, one can think of a field theory belonging
to a class {U(P),A} in noncommutative spacetime as a field theory belonging to a class {UF (P),AF} in commutative
spacetime. The field theory that belongs to a class {UF(P),AF} has many advantages. An important feature of
this class of theories is that the theory has the twist-deformed Poincare´ symmetry. Moreover, the operators such
as P 2 and W 2 (Wα = −
1
2ǫαβγδM
βγP δ) remain Casimir operators in the twisted algebra. So, in this framework
the symmetry of the theory is more transparent, and one can utilize the irreducible representation of the Poincare´
algebra in studying the noncommutative field theory. This framework justifies the earlier studies in noncommuatative
quantum field theory where the representation of the Poincare´ algebra has been utilized[16].
III. TWISTED ALGEBRA OF CREATION AND ANNIHILATION OPERATORS
In the previous section, we summarized how the conventional field theory can be deformed to a field theory which
has a twist-deformed Poincare´ symmetry. Since the Poincare´ generators act on physical Hilbert space also, it is natural
to deform the algebra of operators on Hilbert space covariantly when we twist the Poincare´ symmetry. Chaichian et
al. [30] and Balachandran et al.[31] have studied this aspect of the noncommutative field theory and most recently
Zahn has also investigated this aspect (he especially considered twisting the commutation relations of quantum
operators) [32]. In this section, we construct a noncommutative field theory by twisting the algebra of quantum field
operators in such a way to preserve the action of Poincare´ group on the Fock space. In conventional field theory, if
we create/annihilate n-particles of momenta p1, . . . , pn in a Lorentz frame, then it implies that we create/annihilate
n-particles of momenta Λp1, . . . ,Λpn in a Lorentz transformed frame. Since we want to preserve this relation in
the twisted theory, the focus in this paper will mainly be on the relation between the action of Poincare´ group and
creation/annihilation operators.
A. The Action of U(P) on Algebra of Operators Ω
Let Ω denote a vector space of selected operators whose domain and range are the physical Hilbert space T . By
defining the composite map of two operators as a multiplication (we denote it by the symbol ◦), Ω becomes an algebra
if it is closed under this multiplcation ◦. In other words, for arbitrary Ψ ∈ T , and for all a, b ∈ Ω, the map
a ◦ b : T → T
(a ◦ b)Ψ = a(b(Ψ)), (12)
defines a multiplication in Ω.
We denote the action of Y ∈ U(P) on a selected target algebra Ω as ◮ to distinguish it from the action ⊲ defined
in the last section, and let U(Λ, ǫ) be a Poincare´ transformation in the physical Hilbert space T (Λ denotes a Lorentz
transformation, x→ x′ = Λx, and ǫ denotes a translation, x→ x′ = x+ ǫ). From the relation,
U(Λ, ǫ)(aΨ) = U(Λ, ǫ) · a · U−1(Λ, ǫ) (U(Λ, ǫ)Ψ)
= a(Λ,ǫ)Ψ(Λ,ǫ), (13)
where Ψ ∈ T and a ∈ Ω, and from the definition of ◮, a(Λ,ǫ) = U(Λ, ǫ) ◮ a, we have δ(Λ,ǫ)a = −iǫ
c(Yc ◮ a) where
ǫc are infinitesimal parameters of Poincare´ transformation and c denotes {[µν], ρ|µ, ν, ρ = 0, 1, 2, 3}. These relations
give the form of the action ◮:
(Y ◮ a)Ψ = Y ⊲ (aΨ)− a(Y ⊲Ψ), (14a)
Y ◮ a ≡ [Y, a], (14b)
where the commutator in Eq. (14b) is understood as in Eq. (14a). This operation satisfies the properties needed to
be an action:
(Y · Z) ◮ a = Y ◮ (Z ◮ a), 1 ◮ a = a, Y ◮ 1 = 0, (15a)
Y ◮ (a ◦ b) = ◦ [∆Y ◮ (a⊗ b)]
=
∑
(Y(1) ◮ a) ◦ (Y(2) ◮ b). (15b)
Thus, we have to twist the quantum operators properly so as to preserve the relation Eq. (15).
4B. Twisted Algebra of Creation and Annihilation Operators
As in Sec. II, the algebra of quantum operators Ω has to be deformed properly to make the form of Eq. (15b)
covariant. Let this consistently twisted product of ◦ be denoted as ⋆. In order to distinguish this product from the
Moyal product, we denote the twisted product of ΩF by ⋆ and the Moyal product of AF by ∗ throughout this paper.
The consistent form of ⋆-product is,
(a ⋆ b)Ψ = ◦ [F−1 ◮ (a⊗ b)]Ψ, (16)
where F is the same twisting element of Eq. (7). The explicit form of the ⋆-product is expressed as,
(a ⋆ b)Ψ =
∑
(F−1(1) ◮ a) ◦
(
(F−1(2) ◮ b)Ψ
)
=
∞∑
k=0
1
k!
(
−
i
2
)k
θα1β1 · · · θαkβk · (Pα1 ◮ (Pα2 ◮ · · · (Pαk ◮ a) · · · ) ◦ { (Pβ1 ◮ (Pβ2 ◮ · · · (Pβk ◮ b) · · · )Ψ}
=
∞∑
k=0
1
k!
(
−
i
2
)k
θα1β1 · · · θαkβk · [Pα1 , [Pα2 , · · · , [Pαk , a], · · · ] ◦ { [Pβ1 , [Pβ2 , · · · , [Pβk , b], · · · ]Ψ}. (17)
In conventional field theory, the scalar field operator is expressed as (see Section 14.2 of [36])
φˆ(x) =
∫
p
[
σp(x) · a(σ¯p) + σ¯p(x) · a
†(σp)
]
,
∫
p
≡
∫
d3p
(2π)32ωp
, (18)
where σp denotes the positive frequency solution of the Klein-Gordon equation, and a(σ¯) and a
†(σ) are the annihilation
and the creation operators, respectively. In the above relation we regard the creation and the annihilation operators
as basis operators which act on the physical Hilbert space and σp(x) and σ¯p(x) as coefficients. Thus the selected
target algebra to be twisted is the algebra generated by {1 , a(σp), a
†(σp), ∀p}. We abbreviate a(σp) and a
†(σp) as ap
and a†p, respectively hereafter.
The action of Pα on this basis operators is represented as
Pα ◮ aq = −qαaq, Pα ◮ a
†
q = +qα · a
†
q, (19)
which will be denoted in a simplified notation as,
Pα ⇒ q˜α =
{
+qα, for a
†
q ;
−qα, for aq.
(20)
From Eq. (17), ⋆-product between two of the creation and/or the annihilation operators is expressed, in terms of the
conventional multiplication, as
ap ⋆ aq = e
− i
2
p∧q ap · aq , a
†
p ⋆ a
†
q = e
− i
2
p∧q a†p · a
†
q,
ap ⋆ a
†
q = e
+ i
2
p∧q ap · a
†
q , a
†
p ⋆ aq = e
+ i
2
p∧q a†p · aq. (21)
This relation can be written in a compact form as
cp ⋆ cq = e
− i
2
p˜∧q˜cp · cq, cp = ap and/or a
†
p. (22)
In Appendix A we explicitly compute the product of n operators, ap and/or a
†
q, to be
cq1 ⋆ · · · ⋆ cqn = E(q˜1, · · · , q˜n) cq1 · · · cqn , E(q˜1, · · · , q˜n) = exp
(
−
i
2
n∑
i<j
q˜i ∧ q˜j
)
, (23)
where cq represents aq or a
†
q and q˜ is defined in Eq. (20). Thus the ⋆-products of n-number of creation or anni-
hilation operators are just the conventional products of the corresponding operators multiplied by the phase factor
E(q˜1, · · · , q˜n). It is worth to note that this twisted algebra is associative as shown in Eq. (A2), and the complex
conjugation is also compatible with this algebra:
(cq1 ⋆ · · · ⋆ cqn)
† = c†qn ⋆ · · · ⋆ c
†
q1
, (24)
5since E¯(q˜1, · · · , q˜n) = E(−q˜n, · · · ,−q˜1).
In this construction, we note that the coefficient functions are not ⋆-producted:(∑
ai(x)ci
)
⋆
(∑
bj(x)cj
){
=
∑
(ai(x) · bj(x))(ci ⋆ cj),
6=
∑
(ai(x) ∗ bj(x))(ci ⋆ cj).
(25)
Since ⋆-product is deduced by requiring covariance of the action of Poincare´ algebra on Ω, it is enough to check this
property of the ⋆-product by evaluating the action on the free scalar field case. Specifically, let UΛ be a Lorentz
transformation which acts only on the operator part, but not on the spacetime part, then
φˆ′(x) = UΛ · φˆ(x) · U
−1
Λ
=
∫
p
[
eip·x · UΛ · ap · U
−1
Λ + e
−ip·x · UΛ · a
†
p · U
−1
Λ
]
=
∫
p
[
eip·x · aΛp + e
−ip·x · a†Λp
]
≡
∫
p
[
eip·Λx · ap + e
−ip·Λx · a†p
]
= φˆ(Λx), (26)
where the use has been made of the fact that p · x = Λp · Λx. This leads to
Y ◮ φˆ(x) ≈ Y ⊲ φˆ(x). (27)
This suggests other possibilities of twisting the algebra of quantum field operators. Since quantum field operators
are functions of spacetime and are also operators in the Hilbert space, one may twist the quantum operator part as
indicated in [33], and carried out in this paper, or twist the spacetime function part of the field operators as has been
done by Chaichian et al.[30], and Zahn[32]. Or one may twist both the quantum operator part and the spacetime
function part as has been done by Balachandran et al.[31], which will result different S-matrix due to the cancellation
of the effects of the two twist operations. We have chosen in this paper to twist the algebra of quantum operator
part of the field operators, which gives the same S-matrix as those of earlier studies[37], as will be shown in the next
section.
Incidentally, our ⋆-product has the same expression as that of ref. [30] when it is performed on the scalar field
operators:
φˆ(x) ⋆ φˆ(y)
=
∫
p,q
[
eipxeiqy(ap ⋆ aq) + e
ipxe−iqy(ap ⋆ a
†
q) +e
−ipxeiqy(a†p ⋆ aq) + e
−ipxe−iqy(a†p ⋆ a
†
q)
]
=
∫
p,q
[
e−
i
2
p∧qeipxeiqy(ap · aq) + e
+ i
2
p∧qeipxe−iqy(ap · a
†
q)
+e+
i
2
p∧qe−ipxeiqy(a†p · aq) + e
− i
2
p∧qe−ipxe−iqy(a†p · a
†
q)
]
= e
i
2
∂x∧∂y
(
φˆ(x) · φˆ(y)
)
≡ φˆ(x) ⋆ φˆ(y)|Chaichian et al.. (28)
This shows that our expression for the ⋆-product corresponds to the momentum space representation of Chaichian et
al.’s ⋆-product for the free scalar field case.
IV. PHYSICAL FOCK SPACE AND S-MATRIX
In the previous section, we have constructed twisted algebra of quantum operators. The physical quantities such
as S-matrix must also be written in twist covariant form. Since the physical quantities can be expressed as a sum of
products of creation and annihilation operators in the conventional field theory, the physical quantities in the twisted
theory must be expressed as the same quantities with the conventional product replaced by the ⋆-product. Thus we
can consistently construct noncommutative field theory by twisting the conventional field theory.
6A. Twisted Fock space
1. Commutative case
Let H denote a one particle Hilbert space of scalar field theory. Then the Fock space of this theory can be written
as T (H) = C ⊕ [
⊕∞
n=0H
n
S ], H
n
S ≡
⊗n
S H, where subscript ’S’ denotes symmetrization and
⊗n denotes n’th order
tensor product H ⊗ · · · ⊗ H. The action of creation and annihilation operators on the normalized n-particle state
|q1, · · · , qn〉 ∈ H
n
S , is expressed as
a†q|q1, · · · , qn〉 = |q, q1, · · · , qn〉,
aq|q1, · · · , qn〉 =
n∑
k=1
δ(q − qk)|q1, · · · , qk−1, qk+1, · · · qn〉. (29)
They satisfy the fundamental commutation relations,
[a†p, a
†
q] = 0, [ap, aq] = 0,
[ap, a
†
q] = δ(p− q). (30)
Any elements |q1, · · · , qn〉 in the Fock space can be obtained by successive operations of creation operators to the
vacuum state |0〉 (aq|0〉 = 0, for all momentum q),
|q1, · · · , qn〉 = a
†
q1
· · · a†qn |0〉. (31)
2. Noncommutative case
In noncommutative spacetime, |q1, · · · , qn〉 in Eq. (31) is mapped into
|q1, · · · , qn〉⋆ = a
†
q1
⋆ a†q2 ⋆ · · · ⋆ a
†
qn
|0〉, (32)
which will be called twisted n-state rather than n-particle state. If the vacuum state is defined as |0〉⋆ = |0〉, the
twisted 1-state is the same as the one particle state in the conventional quantum field theory:
|q〉⋆ = a
†
q ⋆ |0〉⋆ = (a
†
q ⋆ 1 )|0〉 = a
†
q|0〉 = |q〉. (33)
This definition of twisted n-state seems very natural, but due to the noncommutativity of the ⋆-product, the state
vector |q1, · · · , qn〉⋆ is not symmetric under the permutation of (q1, q2, · · · , qn). The explicit form of |q1, · · · , qn〉⋆ is
|q1, · · · , qn〉⋆ = E(q1, · · · , qn)|q1, · · · , qn〉, E(q1, · · · , qn) = exp
(
−
i
2
n∑
i<j
qi ∧ qj
)
. (34)
The state |q1, · · · , qn〉 is symmetric under any permutation of (q1, · · · , qn), but the phase factor E(q1, · · · , qn) is not
symmetric in general for n ≧ 2. Since the phase factor has unit norm (|E| = 1), |q1, · · · , qn〉⋆ and |q1, · · · , qn〉 are in
the same ray of the physical Hilbert space.
Some properties of the phase factor E are listed in Appendix B. In this new algebra the creation and the annihilation
operators do not satisfy the fundamental commutation relation Eq. (30), rather, they satisfy (the same form of relations
appear in [31]),
a†p ⋆ a
†
q = e
−ip∧q · a†q ⋆ a
†
p, ap ⋆ aq = e
−ip∧q · aq ⋆ ap,
ap ⋆ a
†
q = e
+ip∧q · a†q ⋆ ap + δ(p− q). (35)
The action of creation and annihilation operators on the state |q1, · · · , qn〉⋆ gives
a†q ⋆ |q1, · · · , qn〉⋆ = |q, q1, · · · , qn〉⋆
aq ⋆ |q1, · · · , qn〉⋆ =
n∑
k=1
δ(q − qk)e
iq∧(q1+···+qk−1)|q1, . . . , qk−1, qk+1, . . . , qn〉⋆. (36)
7From these twisted states |q1, · · · , qn〉⋆, we define twisted Fock space as TF(H) = C⊕ [
⊕∞
n=0H
n
F ], ( H
n
F ≡
⊗n
H ).
Using the above twisting process, it is natural to define the total number operator as
NF =
∑
k
a
†
k ⋆ ak. (37)
This number operator satisfies
[NF , a
†
q]⋆ = a
†
q , [NF , aq]⋆ = −aq. (38)
The state |q1, · · · , qn〉⋆ has the same eigenvalue for the number operator as that of the state |q1, · · · , qn〉 in the
conventional theory, i.e, the eigenvalue equation,
N |q1, · · · , qn〉 = n(q1, · · · , qn) · |q1, · · · , qn〉,
leads to
NF ⋆ |q1, · · · , qn〉⋆ =
∑
k
a
†
k ⋆ ak ⋆ a
†
q1
⋆ · · · ⋆ a†qn |0〉
=
∑
k
E(k,−k, q1, · · · , qn) ·Nk · |q1, · · · , qn〉
= E(q1, · · · , qn) · (N |q1, · · · , qn〉)
= n(q1, · · · , qn) · |q1, · · · , qn〉⋆, (39)
where we have used the relation Eq. (B5).
The Hamiltonian for the free scalar field theory has the form,
HF =
∑
k
ωk · a
†
k ⋆ ak, where ωk =
√
k2 +m2. (40)
Thus as in the number operator case, the state |q1, · · · , qn〉⋆ has the same energy eigenvalues as the state |q1, · · · , qn〉
for the free Hamiltonian of the commutative scalar field theory.
B. S-matrix
By properly twisting the algebra of the quantum operators we have the expression for the S-matrix in the noncom-
mutative field theory:
S⋆ = T exp
(
−i
∫
d4x H⋆I(x)
)
(41)
=
∞∑
k=0
(−i)k
k!
∫
d4x1 · · · d
4xk T {H
⋆
I(x1) ⋆ · · · ⋆H
⋆
I(xk)} ,
where H⋆I is the interacting part of the Hamiltonian and T denotes the time ordering. Since we can not define
interaction HamiltonianHI in space-time noncommutative case in general, we assume the space-space noncommutative
case only in this section. For the gφn(x) theory, the element of S-matrix can be calculated by using the properties of
the phase factor E , given in Appendix B. If we use the abbreviation
φin(x) =
∫
q
[
σ−q(x)aq + σq(x)a
†
q
]
≡
∑
cq=aq,a
†
q
∫
q
cq · σq˜(x), (42)
the interaction Hamiltonian can be written as
H⋆I(x) = g
∫
q1
· · ·
∫
qn
(cq1 ⋆ · · · ⋆ cqn) · σq˜1(x) · · · σq˜n(x)
≡ g
∑
cQ
∫
Q
c⋆Q · σQ˜(x), (43)
8...
...
α1
α2
β1
β2
≡ ...
...
α˜1 = +α1
α˜2 = +α2
˜β1 = −β1
˜β2 = −β2
FIG. 1: Illustration of the notation for momenta α˜ and β˜
where
∫
Q
≡
∫
q1
· · ·
∫
qn
, c⋆Q ≡ cq1 ⋆ · · · ⋆ cqn , σQ˜(x) ≡ σq˜1(x) · · · σq˜n(x),
∑
cQ
≡
∑
cq1=aqq ,a
†
q1
· · ·
∑
cqn=aqn ,a
†
qn
.
The twisted S-matrix is then expressed as
S⋆ =
∞∑
k=0
(−i)k
k!
∫
d4x1 · · · d
4xk T {H
⋆
I(x1) ⋆ · · · ⋆H
⋆
I(xk)}
=
∞∑
k=0
(−i)k
∫
d4x1 · · · d
4xk θ(x1, · · · , xk)H
⋆
I (x1) ⋆ · · · ⋆H
⋆
I(xk)
=
∞∑
k=0
(−ig)k
∫
Q1
· · ·
∫
Qk
∑
cQ1 ··· cQk
c⋆Q1 ⋆ · · · ⋆ c
⋆
Qk
(∫
d4x1 · · · d
4xk θ(x1, · · · , xk)σQ˜1 (x1) · · ·σQ˜k(xk)
)
=
∞∑
k=0
(−ig)k
∫
Q1
· · ·
∫
Qk
∑
cQ1 ··· cQk
E(Q˜1, · · · , Q˜k) cQ1 · · · cQk · Θ˜(Q˜1, · · · , Q˜k), (44)
where
Θ˜(Q˜1, · · · , Q˜k) =
∫
d4x1 · · · d
4xk θ(x1, · · · , xk)σQ˜1(x1) · · ·σQ˜k(xk). (45)
In the limit θ → 0, this S-matrix reduces to the one in the commutative case:
S⋆ → S =
∞∑
k=0
(−ig)k
∫
Q1
· · ·
∫
Qk
∑
cQ1 ··· cQk
cQ1 · · · cQk · Θ˜(Q˜1, · · · , Q˜k)
=
∞∑
k=0
(−ig)k
∫
Q1
· · ·
∫
Qk
∑
cQ1 ··· cQk
Sk(Q˜1, · · · , Q˜k), (46)
where Sk(Q˜1, · · · , Q˜k) = cQ1 · · · cQk ·Θ˜(Q˜1, · · · , Q˜k) corresponds to the momentum space representation of k-th order
term of the S-matrix in the conventional field theory. Eq. (44) and Eq. (46) show the relation between the S⋆-matrix
and the S-matrix of the corresponding commutative theory. For the S-matrix element ⋆〈β|S⋆|α〉⋆, where |α〉⋆(|β〉⋆)
denotes ‘in’ twisted n(m)-state, we have
⋆〈β|S⋆|α〉⋆ =
∞∑
k=0
(−ig)k
∫
Q1
· · ·
∫
Qk
∑
cQ1 ··· cQk
E(β˜, Q˜1, · · · , Q˜k, α˜) 〈β|cQ1 · · · cQk |α〉 · Θ˜(Q˜1, · · · , Q˜k)
= E(β˜, α˜)
∞∑
k=0
(−ig)k
∫
Q1
· · ·
∫
Qk
∑
cQ1 ··· cQk
E(Q˜1, · · · , Q˜k) 〈β|S
k(Q˜1, · · · , Q˜k)|α〉 (∵ α˜+ β˜ = 0)
= E(−β, α)〈β|S⋆|α〉, (47a)
where the momenta α˜, β˜ are related to those of α = |α1, α2, · · · 〉, β = |β1, β2, · · · 〉 as shown in Fig. 1, and
〈β|S⋆|α〉 =
∞∑
k=0
(−ig)k
∫
Q1
· · ·
∫
Qk
∑
cQ1 ··· cQk
E(Q˜1, · · · , Q˜k) 〈β|S
k(Q˜1, · · · , Q˜k)|α〉. (47b)
9It can be easily shown that the result (47b) is the same as that of Filk [37]. Since the quantities 〈β|cQ1 · · · cQk |α〉
contain the energy-momentum conservation delta functions δ(Q˜1) · · · δ(Q˜k), E(Q˜1, · · · , Q˜k) in Eq. (47b) can be written
as E(Q˜1) · · · E(Q˜k), and each of these E(Q˜i) gives the phase factor at each vertex in the Feynman diagram.
C. Statistics of indistinguishable particles
The unit matrices in the space of N -particle state can be expressed as
1D =
∑
γ
|γ〉D〈γ|D,
1 C =
1
N !
∑
γ
|γ〉〈γ|,
1 ⋆ =
1
N !
∑
γ
|γ〉⋆ ⋆〈γ| ( ≡ 1C), (48)
where the subscript C(D) denotes indistinguishable(distinguishable) state in the conventional field theory and ⋆
denotes the noncommutative case. We must be careful in the order of momenta in kets and bras because the twisted n-
state is not symmetric under the permutation of the momenta. From Eq. (24) we find |k1, · · · ,kN〉
†
⋆ = ⋆〈kN, · · · ,k1|,
i.e., |γ〉⋆ ≡ |k1, · · · ,kN〉⋆ and 〈γ|⋆ ≡ ⋆〈kN, · · · ,k1|.
Let α(β) denote the free N -particle in(out) twisted n(m)-state respectively, and P denotes arbitrary permutation.
Then, for spatial dimensions d ≥ 3, (See [38],[39]), we have
⋆〈β|α〉⋆ = E(−β, α)〈β|α〉C = E(−β, α)
∑
P
CP〈P(β)|α〉D , (49)
where CP are complex constants. From the form of 1 ⋆ and 1D in Eq. (48) we finally obtain the relation,
⋆〈β|α〉⋆ =
1
N !
∑
γ
⋆〈β|γ〉⋆⋆〈γ|α〉⋆
=
1
N !
∑
γ
E(−β, γ)E(−γ, α)
∑
P′,P′′
CP′CP′′〈P
′(β)|γ〉D〈P
′′(γ)|α〉D
= E(−β, α)
1
N !
∑
P′,P′′
CP′CP′′
∑
γ
〈P ′(β)|γ〉D〈P
′′(γ)|α〉D
= E(−β, α)
1
N !
∑
P′,P′′
CP′CP′′
∑
γ
〈P ′′P ′(β)|P ′′(γ)〉D〈P
′′(γ)|α〉D
= E(−β, α)
1
N !
∑
P′,P′′
CP′CP′′〈P
′′
P
′(β)|α〉D . (50)
Since E(−β, α) 6= 0, we have
∑
P
CP〈P(β)|α〉D =
1
N !
∑
P′,P′′
CP′CP′′〈P
′′
P
′(β)|α〉D
⇒ CP′P′′ = CP′ · CP′′ , (51)
which is the one dimensional representation of the permutation group as we have in the conventional field theory case.
Consequently, we have the same statistics for indistinguishable particles in the noncommutative field theories as in
the corresponding commutative case [33],[40].
V. SUMMARY AND DISCUSSIONS
We have constructed noncommutative quantum field theory by properly twisting the algebra of creation and anni-
hilation operators.
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As mentioned in Section IV the twisted n-state is not symmetric under the permutation of its momenta. If we
permute its momenta the state changes by a phase factor E which has unit norm. Thus |q1, · · · , qn〉 and |q1, · · · , qn〉⋆
are in the same ray in Hilbert space, and as we have shown in section IV the phase factor is always factorized out of the
S-matrix element. Moreover, the states |q1, · · · , qn〉⋆ and |q1, · · · , qn〉 have the same eigenvalues for the corresponding
number operators. Hence we have the same physics whether we use |q1, · · · , qn〉⋆ or |q1, · · · , qn〉 as a basis for in/out
states (for example, twisted Lorentz transformation changes only the phase factor of the twisted n-states). Hence we
can define n-particle state as an equivalence class of this twisted n-states.
We have shown that S-matrix elements differ by phase factors from the S-matrix elements of the conventional theory.
In SSNC quantum field theory it gives the phase factor to every vertex in the Feynman diagram. This phase factor
is the same as that in [37], thus justifying the results of Filk. The expression of S-matrix in this paper is manifestly
twist Lorentz covariant, except that time ordering may break this symmetry since ⋆-commutator of two interacting
Hamiltonians separated by space-like distance does not vanish in general, i.e.,
[H⋆I(x),H
⋆
I (y)]⋆ 6= 0, for (x− y)
2 < 0. (52)
This possible violation of locality is known to be inherited from the presence of spacetime noncommutativity. Some
authors have argued that the micro causality is satisfied in the SSNC case,while it is violated in STNC case [41]. It
appears that further studies are needed to have a consistent STNC field theory.
We have observed that the statistics of indistinguishable particles do not change in the properly twisted for-
mulation of the noncommutative field theory. It reflects the co-homological properties of the phase factors, i.e.
E(−β, γ)E(−γ, α) = E(−β, α).
In summary, by careful construction of quantum field theory using the twisted algebra applied to the quantum
operator space, we have constructed the S-matrix of the interacting noncommutative scalar field theory, and the
result is shown to be consistent with earlier ones [37]. We hope that this formulation can be generalized to the case
of more general noncommutative field theories.
APPENDIX A: EXPLICIT CALCULATIONS OF ⋆-PRODUCT OF CREATION AND ANNIHILATION
OPERATORS
In this appendix, we derive the explicit form of ⋆-product of the creation and annihilation operators in terms of the
conventional products.
1. The ⋆-product of (cp1 · · · cpk) and (cq1 · · · cql) is given by
(cp1 · · · cpk) ⋆ (cq1 · · · cql) = e
− i
2
P˜∧Q˜(cp1 · · · cpkcq1 · · · cql), (A1)
where P˜ =
∑
p˜i and Q˜ =
∑
q˜j .
Proof.
Pα ◮ (cq1 · · · cql) = · [∆
(l)Pα ◮ (cq1 ⊗ · · · ⊗ cql)]
= ·
l∑
i=1
[cq1 ⊗ · · · ⊗ (Pα ◮ cqi)⊗ · · · ⊗ cql ]
=
∑
i
(q˜i)α(cq1 · · · cqi · · · cql)
= Q˜α(cq1 · · · cql),
and since (cp1 · · · cpk), (cq1 · · · cql) ∈ Ω, we have
(cp1 · · · cpk) ⋆ (cq1 · · · cql) = ·
{
e−
i
2
θαβPα⊗Pβ ◮ [(cp1 · · · cpk)⊗ (cq1 · · · cql)]
}
= e−
i
2
θαβP˜αQ˜β (cp1 · · · cpkcq1 · · · cql).
2. For all natural number n, we have
cq1 ⋆ · · · ⋆ cqn = E(q˜1, · · · , q˜n) cq1 · · · cqn , E(q˜1, · · · , q˜n) = exp
(
−
i
2
n∑
i<j
q˜i ∧ q˜j
)
. (A2)
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Proof. (A2) can be shown by mathematical induction:
i) It holds for k = 1, 2.
ii) Suppose that this relation holds for k, l ≤ 1, . . . , n (n ≥ 2), then for n+ 1 ≤ N = k + l ≤ 2n,
(cq1 ⋆ · · · ⋆ cqk) ⋆ (cqk+1 ⋆ · · · ⋆ cqN ) = E(q˜1, · · · , q˜k)E(q˜k+1, · · · , q˜N ) · (cq1 · · · cqk) ⋆ (cqk+1 · · · cqN )
= E(q˜1, · · · , q˜k)E(q˜k+1, · · · , q˜N ) · e
− i
2
Q˜1∧Q˜2(cq1 · · · cqk) · (cqk+1 · · · cqN )
= E(q˜1, · · · , q˜k, q˜k+1, · · · , q˜N ) · (cq1 · · · cqk · cqk+1 · · · cqN )
= E(q˜1, · · · , q˜N ) · (cq1 · · · cqN ), (A3)
where Q1 = q1 + · · ·+ qk, Q2 = qk+1 + · · ·+ qN . Hence, (A2) is satisfied for all natural number n, and this equation
also proves the associativity of ⋆-product.
Using the above theorem we find the action of creation and annihilation operators on the twisted states to be,
a†q ⋆ |q1, · · · , qn〉⋆ = E(q, q1, . . . , qn) · |q, q1, · · · , qn〉 = |q, q1, · · · , qn〉⋆, (A4a)
aq ⋆ |q1, · · · , qn〉⋆ = E(−q, q1, · · · , qn) · aqa
†
q1
· · · a†qn |0〉
= E(−q, q1, · · · , qn)
n∑
k=1
δ(q − qk)|q1, . . . , qk−1, qk+1, . . . , qn〉
=
n∑
k=1
δ(q − qk)E(−q, q1, · · · , qk−1, q, qk+1, · · · , qn)|q1, . . . , qk−1, qk+1, . . . , qn〉
=
n∑
k=1
δ(q − qk)e
iq∧(q1+···+qk−1)|q1, . . . , qk−1, qk+1, . . . , qn〉⋆. (A4b)
APPENDIX B: PROPERTIES OF PHASE FACTOR E(q1, · · · , qn)
In this appendix we summarize the useful properties of the phase factor:
E(q1, · · · , qn) = exp
(
−
i
2
n∑
i<j
qi ∧ qj
)
,
where for n = 1, we define E(q) = 1. From direct calculation we find
E(k,−k) = 1, E(q, k,−k) = 1, (B1)
and since the phase factor is quadratic in q’s, we have
E(q1, · · · , qn) = E(−q1, · · · ,−qn). (B2)
The phase factor is invariant under the cyclic permutations P of (q1, . . . , qn) if
∑
qk = 0, i.e.,
E(q1, · · · , qn) = E(qP1, · · · , qPn), for
∑
qk = 0. (B3)
It also has the following property:
E(p1, · · · , pn, q1, · · · , qm) = e
− i
2
(p1+···+pn)∧(q1+···+qm)E(p1, · · · , pn)E(q1, · · · , qm). (B4)
If the sum of m-consecutive q’s is zero, the phase factor is factorized into the product of two factors:
E(q1, · · · , qn) = E(q1, . . . , qk, qk+m+1, . . . , qn) · E(qk+1, . . . , qk+m), if
k+m∑
i=k+1
qi = 0 .
This is a direct consequence of (B3) and (B4). For m = 2 case, we have
E(q1, . . . , p,−p, . . . , qn) = E(q1, · · · , qn). (B5)
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From the above relations, we have
E¯(q1, · · · , qn) = E(qn, · · · , q1) = E(qPn, · · · , qP1), (B6)
where P is a cyclic permutation.
From these results we can derive the properties of E given in ref. [37]:
E(q1, . . . , qn1 , p) · E(−p, qn1+1, . . . , qn2) = E(q1, . . . , qn2), for q1 + · · ·+ qn1 + p = 0, (B7a)
E(q1, . . . , qn1 , p, qn1+1, . . . , qn2 ,−p) = E(q1, . . . , qn2), for qn1+1 + · · ·+ qn2 = 0. (B7b)
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